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Counting microstates of the p-state 
paramagnet

C H I C K E N



Meaning Second Law

“Disorder”??

Counting 
microstates

Even though all microstates are 
equally likely, the macrostates 
with near-maximum entropy 

have enormously higher 
multiplicity, making it 

vanishingly improbable for 
systems to evolve to a lower-

entropy state.

No single definition of entropy simultaneously makes 
its meaning clear and the second law obvious.
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Moore & Schroeder (1997) proposed teaching irreversible 
behavior & the second law using computational state counting .
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Moore & Schroeder: AJP (1997), arXiv:1502.07051 

Einstein solid

N oscillators from N/3 atoms

Two-state paramagnet

N spin-1/2 dipoles
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Students compute entropy by explicitly counting microstates 
for a fixed number q of equal-sized energy units:  q = U/𝜀.
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Students count states of interacting systems to discover 
that macrostates near maximum entropy are far more likely.
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Specific student experiences:

(course using Thermal Physics by Schroeder)


• Text shows interacting Einstein solids: how 
to compute multiplicities with a spreadsheet


• Students do that themselves, and adjust it 
to model interacting 2-state paramagnets


• Text shows how to compute the heat 
capacity for 2-state paramagnet


• Students use a spreadsheet to compute 
heat capacity for an Einstein solid

A weak point: After all this investment in computational methods, there’s nothing else to do!



State counting for a paramagnet of arbitrary spin 
is more complicated, but still manageable.
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0 = Eground

<latexit sha1_base64="3ctIjIWBMyp/srmLr7pdgqgJjs0=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiSlqBuh1I3LCrYVmlAm00k7dB5hZqKU2E9x40IRt36JO//GaZuFth64cDjnXu69J0oY1cbzvp3C2vrG5lZxu7Szu7d/4JYPO1qmCpM2lkyq+whpwqggbUMNI/eJIohHjHSj8fXM7z4QpakUd2aSkJCjoaAxxchYqe+WA5JoyqSAV7AW8BQ2+27Fq3pzwFXi56QCcrT67lcwkDjlRBjMkNY930tMmCFlKGZkWgpSTRKEx2hIepYKxIkOs/npU3hqlQGMpbIlDJyrvycyxLWe8Mh2cmRGetmbif95vdTEl2FGRZIaIvBiUZwyaCSc5QAHVBFs2MQShBW1t0I8QgphY9Mq2RD85ZdXSadW9c+r9dt6pdHM4yiCY3ACzoAPLkAD3IAWaAMMHsEzeAVvzpPz4rw7H4vWgpPPHIE/cD5/ALqvkwM=</latexit>

✏ = 2µB

2-state: J = 1/2 3-state: J = 1 4-state: J = 3/2

<latexit sha1_base64="v7Sp2vjDejYJFuB0vSiZt95c0W0="></latexit>

⌦ =

✓
N

q

◆
=

✓
N

q

◆{1} <latexit sha1_base64="eWppxhifUavZHTGHHcFJVLVbp8U="></latexit>

⌦ =

✓
N

q

◆{2} <latexit sha1_base64="lQHqj+wmTzS6jJlRas3STH6CX68="></latexit>

⌦ =

✓
N

q

◆{3}

<latexit sha1_base64="BB+5LhKI3EWHlgmysX1ccjZGCcU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJUhLIrRT0WvXiSCvYD2rVk02wbmmSXJCuWpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dpeWV1bT23kd/c2t7ZLeztN3SUKELrJOKRagVYU84krRtmOG3FimIRcNoMhtcTv/lIlWaRvDejmPoC9yULGcHGSs2Sd/p08nDbLRTdsjsFWiReRoqQodYtfHV6EUkElYZwrHXbc2Pjp1gZRjgd5zuJpjEmQ9ynbUslFlT76fTcMTq2Sg+FkbIlDZqqvydSLLQeicB2CmwGet6biP957cSEl37KZJwYKslsUZhwZCI0+R31mKLE8JElmChmb0VkgBUmxiaUtyF48y8vksZZ2TsvV+4qxepVFkcODuEISuDBBVThBmpQBwJDeIZXeHNi58V5dz5mrUtONnMAf+B8/gDWV46a</latexit>

(1 + x)N
<latexit sha1_base64="1N9ZwPjL+IzlF3TVrP32RHl8BkM=">AAAB8nicbVBNS8NAEN34WetX1aOXYBEqhZKUoh6LXjxJBfsBaVo22027dLMbdifSUvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvCDmTIPjfFtr6xubW9uZnezu3v7BYe7ouKFlogitE8mlagVYU84ErQMDTluxojgKOG0Gw9uZ33yiSjMpHmEcUz/CfcFCRjAYySu4xVFx1ClfdO67ubxTcuawV4mbkjxKUevmvto9SZKICiAca+25Tgz+BCtghNNptp1oGmMyxH3qGSpwRLU/mZ88tc+N0rNDqUwJsOfq74kJjrQeR4HpjDAM9LI3E//zvATCa3/CRJwAFWSxKEy4DdKe/W/3mKIE+NgQTBQzt9pkgBUmYFLKmhDc5ZdXSaNcci9LlYdKvnqTxpFBp+gMFZCLrlAV3aEaqiOCJHpGr+jNAuvFerc+Fq1rVjpzgv7A+vwBRPSP9Q==</latexit>

(1 + x+ x2)N
<latexit sha1_base64="R4wgWPXtMgMogH43cfdDY9k/52o=">AAAB+HicbVDLTgJBEOzFF+KDVY9eJhITDAnZRaIeiV48GUzkkcBCZocBJsw+MjNrwA1f4sWDxnj1U7z5Nw6wBwUr6aRS1Z3uLjfkTCrL+jZSa+sbm1vp7czO7t5+1jw4rMsgEoTWSMAD0XSxpJz5tKaY4rQZCoo9l9OGO7qZ+Y1HKiQL/Ac1Canj4YHP+oxgpaWumc3bhXFh3CnpOj/r3HXNnFW05kCrxE5IDhJUu+ZXuxeQyKO+IhxL2bKtUDkxFooRTqeZdiRpiMkID2hLUx97VDrx/PApOtVKD/UDoctXaK7+noixJ+XEc3Wnh9VQLnsz8T+vFan+lRMzP4wU9cliUT/iSAVolgLqMUGJ4hNNMBFM34rIEAtMlM4qo0Owl19eJfVS0b4olu/Lucp1EkcajuEE8mDDJVTgFqpQAwIRPMMrvBlPxovxbnwsWlNGMnMEf2B8/gAxuZGC</latexit>

(1 + x+ x2 + x3)N

<latexit sha1_base64="CRWvlFIrGwyRKUmCMLIf9S5VBt0=">AAACDXicbVA9T8MwEHXKd/kqMLJYtEhMVYIQMCK6MIJEW6SmVI5zaa06cbAvqFXUP8DCX2FhACFWdjb+DW7pwNeTLD29d3e+e0EqhUHX/XAKM7Nz8wuLS8XlldW19dLGZsOoTHOocyWVvgqYASkSqKNACVepBhYHEppBvzb2m7egjVDJJQ5TaMesm4hIcIZW6pQqPsIA85qCyIoCEqQqopXB9U2FimTky1Ch6ZTKbtWdgP4l3pSUyRTnndK7HyqexXYcl8yYluem2M6ZRsEljIp+ZiBlvM+60LI0YTGYdj65ZkR3rRLSSGn77DoT9XtHzmJjhnFgK2OGPfPbG4v/ea0Mo+N2LpI0Q0j410dRJikqOo6GhkIDRzm0hHEt7K6U95hmHG2ARRuC9/vkv6SxX/UOqwcXB+WT02kci2Sb7JA94pEjckLOyDmpE07uyAN5Is/OvfPovDivX6UFZ9qzRX7AefsERhmbsQ==</latexit>

Coe�cient of xq in . . .
<latexit sha1_base64="CRWvlFIrGwyRKUmCMLIf9S5VBt0=">AAACDXicbVA9T8MwEHXKd/kqMLJYtEhMVYIQMCK6MIJEW6SmVI5zaa06cbAvqFXUP8DCX2FhACFWdjb+DW7pwNeTLD29d3e+e0EqhUHX/XAKM7Nz8wuLS8XlldW19dLGZsOoTHOocyWVvgqYASkSqKNACVepBhYHEppBvzb2m7egjVDJJQ5TaMesm4hIcIZW6pQqPsIA85qCyIoCEqQqopXB9U2FimTky1Ch6ZTKbtWdgP4l3pSUyRTnndK7HyqexXYcl8yYluem2M6ZRsEljIp+ZiBlvM+60LI0YTGYdj65ZkR3rRLSSGn77DoT9XtHzmJjhnFgK2OGPfPbG4v/ea0Mo+N2LpI0Q0j410dRJikqOo6GhkIDRzm0hHEt7K6U95hmHG2ARRuC9/vkv6SxX/UOqwcXB+WT02kci2Sb7JA94pEjckLOyDmpE07uyAN5Is/OvfPovDivX6UFZ9qzRX7AefsERhmbsQ==</latexit>

Coe�cient of xq in . . .
<latexit sha1_base64="CRWvlFIrGwyRKUmCMLIf9S5VBt0=">AAACDXicbVA9T8MwEHXKd/kqMLJYtEhMVYIQMCK6MIJEW6SmVI5zaa06cbAvqFXUP8DCX2FhACFWdjb+DW7pwNeTLD29d3e+e0EqhUHX/XAKM7Nz8wuLS8XlldW19dLGZsOoTHOocyWVvgqYASkSqKNACVepBhYHEppBvzb2m7egjVDJJQ5TaMesm4hIcIZW6pQqPsIA85qCyIoCEqQqopXB9U2FimTky1Ch6ZTKbtWdgP4l3pSUyRTnndK7HyqexXYcl8yYluem2M6ZRsEljIp+ZiBlvM+60LI0YTGYdj65ZkR3rRLSSGn77DoT9XtHzmJjhnFgK2OGPfPbG4v/ea0Mo+N2LpI0Q0j410dRJikqOo6GhkIDRzm0hHEt7K6U95hmHG2ARRuC9/vkv6SxX/UOqwcXB+WT02kci2Sb7JA94pEjckLOyDmpE07uyAN5Is/OvfPovDivX6UFZ9qzRX7AefsERhmbsQ==</latexit>

Coe�cient of xq in . . .

For N dipoles with q units of energy, count states 
using extended binomial coefficients:

S. Jensen: arXiv:2108.10340 (submitted to AJP)



Computing these multiplicities is difficult in a spreadsheet, 
so the instructor may want to provide that data to students.

Mathematica:

Coefficient[Sum[x^a, {a, 0, p-1}]^n, x, q]

<latexit sha1_base64="IpwxxwtayI1jPDUjo0X/tpM9hBE="></latexit>

⌦ =

✓
N

q

◆{p�1}
=

bq/pcX

j=0

(�1)j
✓
N

j

◆✓
N + q � pj � 1

q � pj

◆

Python:

import scipy.special as sp

def extBinom(n,q,p,exact=True):

  result = 0

  for j in range(q//p + 1):

    result += (-1)**j * sp.comb(n,j,exact) \

        * sp.comb(n+q-p*j-1,q-p*j,exact)

  return result

<latexit sha1_base64="7bzHpuJk6H2RpMN1a0S6lcF52ao="></latexit>✓
N

q

◆{1}
⌘

✓
N + q � 1

q

◆
(Einstein solid)



Given this multiplicity data, students can explore patterns 
in entropy, heat capacity, interactions, and more.

State counting and entropy Heat capacity vs. temperature Interactions with Einstein solid



• Spreadsheets are an effective tool 
for teaching students about entropy.


• General p-state paramagnet 
systems provide a wide range of 
examples and questions to explore, 
expanding the computational 
opportunities in the course.


• (Analytic analysis is also possible, 
though only in certain limits.)

Take-home messages:


