
Pre-Instruction

This study focuses on the transition from 
representing quantum states as discrete vectors 
in Dirac and matrix notation to continuous wave 
functions. This transition is considered very 
challenging for many students.

Data were collected from spins-first QM courses 
at 3 institutions: 

• California State University, Fullerton (CSUF)
• University of Colorado Boulder (CUB)
• California State Polytechnic University, 
Pomona (CPP)

Data were analyzed using a resources 
perspective with some influence from symbolic 
forms.

Context

Transitioning from Dirac to Function Notation in Spins-first Quantum Mechanics
Anthony Arruda & Gina Passante, California State University, Fullerton

Research Question
What resources are students using when working 
with wave functions for the first time, and how do 
those resources change over time?

Question 1
CSUF Version*: In your own words what does 
𝜓 𝑥 # tell you?

CUB Version: In McIntyre section 5.2 he 
introduces a "wave function" 𝜓 𝑥 . In your own 
words, to the best of your understanding so far, 
what does 𝜓 𝑥 # tell you?

*Also used by CPP

Question 2
CSUF Version: In your own words what does 
⟨𝑥|𝜓⟩ # tell you?

CUB Version: In McIntyre section 5.2 he 
introduces a "ket" 𝜓 .	In your own words, to the 
best of your understanding so far, what does 
𝑥 𝜓 # tell you?

Data Examples of Student Responses
Student responses were coded according to how the expression was 
identified:

Student G:

Student D: This tells us a probability 
density of the a position eigenstate x. 
This returns a continuous fcn rather 
than a discrete probability.

Probability Probability Density/Function Probability Amplitude Other

Student B: Same as the first question.

Student A: i dont think this tells us 
much because it looks similar to the 
inner product of psi(x) with psi(x) and 
squaring the result which we know the 
inner product of psi(x) with itself should 
add up to 1 if psi(x) is normalized.

Student B: The probability density of 
observing x in our state psi.
-No longer just a probability, 
continuous property changes things. 
-To find the probability of a particle in 
some interval > integral 

Student A: i think this gives us the 
probability of being in the position x

Student A is 
inconsistent 

from
Q1 to Q2

Several subcodes were used to further classify student 
responses:

CUB Q2 (N=58)
Post-Instruction

Claim #1
Initial responses to the two questions suggest a disconnect between Dirac 
and wave function notation, despite the expressions being equivalent (i.e. 
many students’ answers in Q2 were different than in Q1).

Claim #2
Common resources used were two templates for calculating probability

1. □ # in Q1
2. □ □ # in Q2

Claim #3
Over time, by the end of instruction, many students identify the expression as 
a probability density and recognize that the expressions 𝜓 𝑥 # and 𝑥 𝜓 #

are equivalent. However, some students seem to continue to use resources 
consistent with those used with discrete state vectors.

Position State(s)
Normalization
Integrate to Calculate Probability

Position Value
Continuous

Position Interval
Dirac <-> WF

Student D seems to 
understand that a probability 
density is a function, not a 

value

Student E is still missing a 
vital resource to make this 

distinction

Student E: the probability of finding x

Student B 
answered the 
same for both

Student C answered 
“Probability” for both, but 

referred to position states in 
Q1 and a single value in Q2

Student C: That would be finding the 
probability of finding that particle at a 
specific position.

Student C: so psi(x) is the position 
representation where position 
eigenstates are the preferred basis. so 
|psi(x)|^2 would then give us the 
probability of finding the particle at 
positions that are possible for that 
particle?

Student G seems to 
understand what a probability 
density is and how to use it

Timeline

First Half of Course:
Instruction on Spin-1/2 Systems

Rest of Course Final Exam
Introductory Lectures on Wave Functions 

(2 classes)

Pre-Instruction:
CUB (Q1&2)

Post-Instruction:
CUB (Q1&2)

Mid-Instruction:
CSUF (Q1&2)

CUB (Q1)

CSUF (Q1)
CPP
(Q1)CPP (Q1)

Final Exam

CPP Q1 (N=28)

CUB Q1 (N=68)

Mid-Instruction

CSUF Q2 (N=23)

CSUF Q1 (N=23)

CUB Q2 (N=60)
77%

CUB Q1 (N=60) 2%

CSUF Q1 (N=24)

1%
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