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As the centenary of H. G. H. Moseley’s untimely passing approached, the authors undertook an

evaluation of Moseley’s work as the basis for an undergraduate laboratory experiment. Using a

modern solid-state detector and low activity sources, characteristic K X-rays were excited and

detected without the use of a vacuum chamber, from a selection of elemental metal foil samples

from Ti to Er. The authors introduce first order relativistic corrections into the experimental

analysis to obtain better fits for K X-ray energies that deviate substantially from Moseley’s original

law for elements beyond the first row transition metals. The experimental set up is described in

detail, and the data and conclusions are readily reproducible by undergraduate students in the span

of a couple of typical lab sessions. VC 2017 American Association of Physics Teachers.

[http://dx.doi.org/10.1119/1.4977793]

I. INTRODUCTION

In the spring of 1913, Hans Geiger and Ernest Marsden,
working under the supervision of Ernest Rutherford, had just
completed their large angle a particle scattering experiment.
The results of Geiger and Marsden’s experiment confirmed
Rutherford’s nuclear model of the atom and the idea that the
a particle is the nucleus of a helium atom. In Rutherford’s
model of the atom nearly all of the mass of the atom was
concentrated in a small central region with a positive charge
C, and relative atomic mass of approximately A ¼ 2C=e.1

Rutherford believed that the success of this relation was in
light of another trend, DA ffi 2, where DA is the average
change in the relative atomic mass between neighboring ele-
ments in the periodic table. Combining these two relations,
he inferred that the change in charge DC between neighbor-
ing elements is approximately one electronic charge.
Because a particles have a charge of 2e he took CHe ¼ 2,
inferred that CH ¼ 1, and deduced that the position number
in the periodic table of elements, the atomic number Z, corre-
sponded to the charge of the nucleus C.2

This line of argument provided support for the idea that
the nuclear charge C controls the chemical properties of an
element and not its mass A, and explained the inversions
required for some elements in the periodic table where order-
ing by A did not correctly predict the chemical properties of
the elements. An example of this was Co and Ni with atomic
weights of 58.93 and 58.69, respectively, the order of which
had to be reversed in the periodic table to account for the
chemical properties. Furthermore, one would then expect the
characteristic electromagnetic radiations to follow C as well.
Atomic optical spectra show systematic variations that
mostly correlated with chemical properties, e.g., alkali met-
als. Despite Rutherford’s argument there was still discussion,
which Niels Bohr gave considerable attention to, about
whether the frequencies of characteristic X-rays should fol-
low C or not. Bohr developed a model of the atom3 that was
based on the principle of quantized angular momentum.
Using this model, Bohr was able to explain the optical spec-
trum of hydrogen as due to transitions between various quan-
tized states, though it could not easily be extended to heavier
elements.

At the end of 1913 and beginning of 1914, Henry Gwyn
Jeffreys Moseley published two groundbreaking articles in
the Philosophical Magazine.4,5 There he described a simple
linear law relating the square root of the frequency of charac-
teristic X-rays emitted by an atom and the integer atomic
number Z corresponding to that atom. Characteristic X-rays
are emitted when an inner, core electron is removed from an
atom forming a hole and another bound electron from a
higher shell makes a transition to fill the hole; K X-rays are
those emitted when an electron makes a transition from a
shell with principal quantum number n> 1 to the innermost
shell with n¼ 1. Greek subscripts have traditionally been
used to distinguish transitions from different higher shells
(e.g., Ka and Kb). To determine the frequency of the charac-
teristic X-rays, Moseley used X-ray diffraction to disperse
the X-rays onto a photographic plate. Knowing the diffrac-
tion angle h, the interplanar spacing d, and the order of dif-
fraction n, he could calculate the wavelength of incident
radiation via Bragg’s law nk ¼ 2d sin h. Moseley obtained
very good results using the first row transition metals plus
calcium. Two lines were visible in each elemental X-ray
spectrum, of which the a was the lower energy and the more
intense.

In his analysis, Moseley introduced the quantity

Q ¼
ffiffiffiffiffiffiffiffi
�

3

4
�0

vuut ; (1)

where � is the frequency of the measured X-ray, �0 ¼ cR1 is
the fundamental Rydberg frequency, c is the speed of light,
and R1 is the traditional Rydberg constant. He found that Q
is a quantity that increased uniformly, in approximately inte-
ger steps, from element to element. Being aware of Bohr’s
work on a model of the atom, Moseley argued that his work
provided experimental verification that the angular momen-
tum of an electron in a specific stationary state is the same
for all the different elements.4 Equation (1) can be derived
from Bohr’s theory on the assumption that the electron
moved from stationary state 2 to 1, and the nuclear charge is
reduced or screened by other electrons bound in the atom.
The frequency of the principal characteristic radiation then
becomes
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where r is called the screening constant, e is the charge of
the electron, me is the electron rest mass, �0 is the permittiv-
ity of free space, and h is Planck’s constant. The numerical
agreement between the constants �0 (which was obtained
experimentally) and e4m0=8�2

0h3 was known to be very close
at the time, while Bohr assumed them to the same for hydro-
gen.3 Moseley found it quite remarkable that the experimen-
tal values and those calculated from a theory designed to
explain the optical spectrum of hydrogen agreed so closely
even though the frequencies differed by a factor of 2000.4 It
was only following publication of Moseley’s work that the
Bohr model was accepted as more generally correct and the
nuclear charge in units of the electronic charge N became
synonymous with the position number of an element in the
periodic table Z (i.e., that C=e ¼ N ¼ Z). The mass-charge
relation remained a mystery until the discovery of the neu-
tron in 1932.

Moseley firmly established the order in which elements
should be arranged in the periodic table by raising the atomic
number Z to chemical preeminence over the atomic weight
A. He confirmed that there exists in the atom a fundamental
quantity that increases stepwise by one as we progress
through the periodic table. This finalization of the periodic
table left four gaps to be filled by elements yet to be discov-
ered: technetium (Z¼ 43), promethium (Z¼ 61), hafnium
(Z¼ 72), and rhenium (Z¼ 75). It also explained the need
for three pairs of elemental neighbors to be switched from
the mass ordering to reconcile with chemical periodicity:
argon (Z¼ 18) and potassium (Z¼ 19), cobalt (Z¼ 27) and
nickel (Z¼ 28), tellurium (Z¼ 52) and iodine (Z¼ 53).

Recently, high quality solid-state X-ray spectrometers have
become available in compact form. Previous experiments
suggested for undergraduate labs use radioactive sources with
activities nearly 100 times larger than in our experiment,6

and require vacuum systems or advanced equipment7,8 that
may not be available or appropriate for undergraduate stu-
dents with little lab experience.9 We also suggest an exten-
sion of the usual theoretical treatment to include relativistic
effects unobservable with lower resolution spectrometers.10

For this experiment, we were able to use a setup that does not
require a vacuum system or high activity radioactive sources
to excite the sample. This makes the experiment convenient
to perform, while also minimizing the hazards due to radia-
tion exposure.

II. THEORY

Moseley’s law is quite accurate in predicting the energy of
K X-rays for the first row transitions metals, but it starts to
deviate substantially as one moves to higher Z elements.
Equation (2) can be derived by solving Schr€odinger’s equa-
tion for an atomic system with an infinitely heavy nucleus
and one electron. However, it does not take into account rel-
ativistic effects and electron spin, which are responsible for
the fine structure of atomic electronic states.

Classic illustrations of relativistic effects, such as lifetime
extension for cosmic ray muons, momentum and kinetic
energy variations for charged particles in cyclotrons, etc., are
difficult to include in an intermediate or advanced undergrad-
uate laboratory course. However, the systematic variations of

K X-ray energies are now readily observable and quantifiable,
providing an additional and novel reason beyond historical
importance to include a Moseley’s Law experiment like this
one in such a laboratory course.

The need to include relativistic effects can be understood
from the virial theorem. Because the electromagnetic poten-
tial energy is proportional to the inverse of the distance
between the bound particles, the virial theorem tells us that
2hTi ¼ �hVi. Here, hTi and hVi are the average kinetic and
potential energies of the bound state, respectively. The
energy of the bound state is equal to the sum of the potential
and kinetic energies, E ¼ hTi þ hVi, so by the virial theo-
rem, E ¼ �hTi. Since the energy of a characteristic X-ray is
the difference in the energy between the initial state i and
final state f, then EX-ray ¼ Ei � Ef ¼ DhTi. The K X-ray
energies at the end of the first row of transition elements
approach 10 keV. This means that the kinetic energy of the
electron also changes by 10 keV in the transition. However,
10 keV is about 2% of the 511-keV rest energy of the elec-
tron, and at this level it is generally accepted that relativistic
effects must be accounted for in order to describe the bound
system properly.

As discussed in a typical undergraduate quantum mechan-
ics course, perturbation theory can be used to take these
effects into account and correct the unperturbed Hamiltonian
H0. Overall there are three relativistic corrections that con-
tribute to the fine structure of electron orbitals: the relativis-
tic kinetic energy, the spin-orbit interaction, and the Darwin
term.

Starting with the relativistic expression for kinetic energy
and expanding in powers of the momentum p, we obtain

T ¼ p2

2me
� p4

8m3
ec2
þ � � � : (3)

The first order kinetic energy correction is then

Hkinetic ¼ �
p4

8m3
ec2

: (4)

In the rest frame of the electron, the motion of the proton
generates a current that in turn produces a magnetic field B.
This field creates a torque on the electron, tending to align
its magnetic moment l along the direction of the field. The
Hamiltonian for this interaction is H ¼ �l � B. Inserting
appropriate expressions for the electron’s magnetic moment,
the magnetic field, and including a kinematic correction for
Thomas precession, we obtain for the spin-orbit interaction

Hso ¼
Ze2

8p�0

1

m2
ec2r3

S � L; (5)

where r is the radial distance, S is the spin, and L is the
orbital angular momentum of the electron. The third and
final correction, called the Darwin term, is due to
Zitterbewegung fluctuations in the electron position on the
order of the Compton wavelength �h=mec, where �h ¼ h=2p.
As a result, the effective Coulomb potential is an average
Coulomb potential over the characteristic distance �h=mec.
The expression for this Darwin correction is11,12

HDarwin ¼ �
1

8

Ze2�h2

m2
ec2
r2 1

r

� �
: (6)
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The three corrections are of the same order of magnitude
and when combined yield the first order relativistic correc-
tion for the binding energy of the electron

E n;j;Zð Þ¼�hcR1
Z

n
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>;
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where Eðn; j; ZÞ is the energy of the electron, a is the fine
structure constant, j is the total angular momentum, and n is
the principal quantum number for the electron. The correc-
tions have the effect of removing the degeneracy of the
energy levels with the same n, and introducing a dependence
on the total angular momentum quantum number j. For a par-
ticular transition, the photon energy is the difference
between the initial and final state energies with principal
quantum numbers n and m, and total angular momentum
quantum numbers j and k, which yields

DEnmjk ¼ EX-ray ¼ hcR1 Z2 1

n2
� 1
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This result is just Eq. (2), corrected for first-order relativistic
effects and expressed as an energy E rather than a frequency �.

While the previous equations are useful in calculating the
binding energy of an atom with only a single electron, an
extension must be made in order to account for the other elec-
trons in a multi-electron atom. Gauss’s law allowed Moseley
to ignore the effect of outer electrons and assume that an elec-
tron in a multi-electron atom would move only under the
influence of the net charge inside its orbital.4 This means that
Z in Eqs. (7) and (8) must be replaced with Q, the net effec-
tive nuclear charge the transitioning electron experiences. As
before, the two are related by Q ¼ Z � r. Since each charac-
teristic X-ray results from a transition from one energy level
to another, we end up with expressions of the form

EKa1
¼ hcR1

3

4
Z � rKa1ð Þ2 þ

15

64
a2 Z � rKa1ð Þ4

� �
(9)

for Ka1 X-rays, using n¼1m¼2; j¼1=2k¼3=2. Likewise
for Ka2,

EKa2
¼ hcR1

3

4
Z � rKa2ð Þ2 þ

11

64
a2 Z � rKa2ð Þ4

� �
; (10)

using n ¼ 1 m ¼ 2; j ¼ 1=2 k ¼ 1=2. For Kb1 and Kb3, we
obtain

EKb1
¼ hcR1

8

9
Z � rKb1

� �2 þ 13

54
a2 Z � rKb1

� �4

� �
(11)

and

EKb3
¼ hcR1

8

9
Z � rKb3

� �2 þ 12

54
a2 Z � rKb3

� �4

� �
:

(12)

III. EXPERIMENT

For this experiment, we used a 3 mm� 3 mm CZT X- and
c-ray detector. CZT is a semiconductor being studied for use
in compact and portable X- and c-ray detectors.13 Its charac-
teristics are similar to those of the more frequently encoun-
tered CdTe,14 and for a typical 1-mm thick detector crystal,
the detection efficiency for X- and c-rays exceeds 10%
between about 2 and 200 keV.15 Figure 1 shows the experi-
mental set up. The detector was mounted on a plastic stand
with slots to allow for insertion of samples. The stand was in
turn covered in lead foil to reduce background signals, and
also to shield the 241Am excitation sources. Because CZT is
piezoelectric, the detector setup was placed on a rubber mat
to reduce vibration and noise pickup from the environment.

Fig. 1. The experimental setup including the detector (a), shielded source

array (b), lead lined plastic stand (c), and plastic sample tray (d).
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The detector has a built in thermoelectric cooler that keeps
the CZT crystal at a temperature of approximately 230 K.
Over time this causes the preamplifier housing to heat up, in
turn making the thermoelectric cooler less effective at keep-
ing the crystal cool. To counteract this, a heat sink was
placed on one side of the detector and a small fan was
pointed towards the unit. We found that this was sufficient to
keep the unit operating stably.

Inside the shielded stand, we employed a source array
composed of twelve 1-lCi 241Am sources.16 The dozen emit-
ters were arranged on a section of the surface of a sphere of
radius 20 mm with their convergence point being where the
samples were placed for analysis. We chose to use air stable
metal foils for their ready availability and ease of handling.17

The source array is shown in Fig. 2. Americium-241 primar-
ily emits 5.5 MeV a-particles and 59.54 keV c-rays. The c-
rays are much more penetrating in air than the a-particles
meaning that the primary source of excitation in the elemen-
tal samples was the c rays. The 59.54 keV energy of the c-
rays thus puts an upper limit on the selection of elements
whose K-shells can be excited. This limit in practice corre-
sponds to about the K shell energy of Er (Z¼ 68).

The CZT detector was connected to a power supply and
an amplifier that has a built in Rise Time Discriminator
(RTD), which was in turn connected to a computer-based
MCA spectrometer. The spectrometer was connected via
USB to a computer where data was processed and displayed.

The 59.54 keV c-ray from 241Am, the 14.41 keV and
122.06 keV c-rays from 57Co, and the 81.00 keV c-ray from
133Ba were used to calibrate the instrument. A linear calibra-
tion was found to work best, as recommended by the manu-
facturer. The metal foil samples were placed on a thin plastic
tray whose center was removed. We found that using a tray
with a hole cut in it reduced the back-scatter from the 241Am
sources as compared to a tray with no hole. Six hundred-
second live time spectra were recorded for the calibration as
well as for all the metal foil samples except for Ti and V,
where 1200-s live time spectra were recorded due to the low
count rates.

X-ray spectra with reasonable signal-to-noise ratios were
obtained and are shown for the available first row transition

metals in Fig. 3. In this figure, we divided the number of
counts in each channel for Ti and V by a factor of two in
order to better illustrate the relative intensities observed as
one progresses through the periodic table. The small sharp
peak just below 60 keV was due to elastic back-scatter into
the detector from the 241Am sources, while the broader fea-
ture around 50 keV was due to inelastic scattering from the
sample foils.

The Ka and Kb emissions were not resolved by the detec-
tor system for Ti and V. For these elements, we took the
measured energy to be that of the Ka emission and we did
not use equal (i.e., unresolved) values for the Kb energies in
our analysis. The Ka and Kb lines become resolved for
heavier elements, starting with Fe where the Kb line is seen
as a shoulder. The Kb line begins to split into subcomponents
at the element In, while the substructure of the Ka line
becomes evident at the element Er. The peak positions were
measured using the centroid feature provided by the MCA.
A region of interest was defined around the peak of interest
and an automated fit yielded the peak position and full width
at half maximum (FWHM) estimates. Parallel measurements
using the peak maximum positions gave similar but some-
what less reproducible results.

IV. MOSELEY’S LAW

Following Moseley’s original analysis,4 Table I shows
that the screened nuclear charge Q increases in approxi-
mately integer steps from element to element for the mea-
sured Ka X-ray energies, in lockstep with the atomic number
Z. In calculating Q, we used the standard reference value for
the Rydberg energy hcR1 ¼ 13:605 eV.18

In Fig. 4, we plot the square root of the measured Ka ener-
gies against the atomic number Z and atomic weight A for
the same group of first row transition metals. We see that the
square root of Ka X-ray energies correlate much better with
Z than A. The fact that Q increases uniformly with Z, and not
A, offered striking proof that the atom contains a fundamen-
tal quantity that changes by unity from element to element—
the electric charge of the nucleus.

We can perform a linear regression of the form
ffiffiffi
E
p
¼ mZ

þ b and combine it with

ffiffiffiffiffiffiffi
EKa

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

4
hcR1

r
Z � r�Ka

� �
(13)

for Ka X-rays and

Fig. 2. The source array used to excite the metal foil samples. The exterior

of the array is covered in lead foil to shield the sources. Fig. 3. Overlay of first row transition metals spectra.
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ffiffiffiffiffiffiffi
EKb

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8

9
hcR1

r
Z � r�Kb

	 

(14)

for Kb X-rays. Doing so yields hcR1 ¼ ð4=3Þm2 for
Ka; ð9=8Þm2 for Kb, and the best fit screening constant r� ¼
�b=m for each. The results of this regression analysis are
shown in the top section of Table II. We obtained a fairly
accurate result for the Rydberg energy hcR1 using the Ka

line. While the standard reference value is given as 13.6 eV,
our result, using only the data from the first row transitions
metals, was accurate to within 5%. While Moseley inferred a
value of approximately 1 for r�Ka

, our fitted value is higher at
1.25. This discrepancy can be explained in part by the larger
fitted value of hcR1 we obtained as compared to the stan-
dard value. Since a larger Rydberg energy means more ener-
getic X-rays, then r has to increase as well to compensate.
The larger Rydberg energy can be explained by the fact that
for Ti and V, the Ka and Kb peaks were unresolved. Since
the Kb X-rays are more energetic, the combined peak is
shifted to a slightly higher energy.

When the same analysis is applied to all the elemental
metal samples available where K X-rays could be excited
(22 � Z � 68), the calculated Rydberg energy and screening
constant obtained are significantly larger, as shown in the
lower section of Table II. In total 17 elemental samples were
used in the experiment and a Moseley plot5 of the full data
set is provided in Fig. 5. Furthermore, when r is calculated
for each individual element, using the standard value for R1,
the dependencies shown as Zeroth Order in Fig. 6 are
obtained.

From these curves, as well as the results in Table II, it is
clear that zeroth order Moseley’s law is not sufficient to
explain the variation of the characteristic X-ray energies for

higher Z elements, thereby demonstrating the need for a
correction.

V. RELATIVISTIC CORRECTIONS

When fine structure cannot be resolved, as was the case in
our experiment for all the samples except Gd and Er, a
weighted mean of the fine structure components can be used
to estimate the combined energy. The weights can be calcu-
lated using the intensity ratios for each sub-line, taken to be
proportional to the multiplicity of the upper state (2jþ 1),
where j is the initial total angular momentum quantum num-
ber. This procedure was used to derive combined first-order
K X-ray energy expressions. The Ka1

line is due to a transi-
tion from the 2p3=2 to the 1s1=2 state and the Ka2

from the
2p1=2 to the 1s1=2 state. A 2:1 ratio is obtained between Ka1

and Ka2
lines, yielding

EKa ¼ hcR1
3

4
Z � rKað Þ2 þ

41

192
a2 Z � rKað Þ4

� �
(15)

for the weighted mean energy. Similarly, we obtain

EKb ¼ hcR1
8

9
Z � rKb

� �2 þ 19

81
a2 Z � rKb

� �4

� �
; (16)

where Kb is also taken to be a 2 : 1 weighted mean between
the Kb1 and Kb3 lines.

The first-order screening constant for each element can be
calculated by plugging in the appropriate values for E and Z
into Eqs. (15) and (16), and solving for Q ¼ Z � r. The
zeroth-order screening constants for each element are
obtained similarly from Eqs. (13) and (14). The value of Q
for Eqs. (15) and (16) was calculated numerically using the
fzero() function in MATLAB, which calculates the roots
of functions. The overall trend can be seen in Fig. 6 where

Table I. Q values for Ka X-rays of the first row transition metals.

Element Z QKa ¼ ½E=ð34 hcR1Þ�1=2 rKa

Ti 22 20.88 1.12

V 23 21.89 1.11

Fe 26 24.85 1.15

Co 27 25.88 1.12

Ni 28 26.90 1.10

Cu 29 27.88 1.12

Zn 30 28.95 1.05

Fig. 4. Plot of the square root of the characteristic Ka X-ray energies versus

Z and A. The energies of the Ka X-rays correlate much better with Z than A,

confirming Moseley’s conclusion.

Table II. Rydberg energy and screening constant from linear regression.

Samples Line hcR1 (eV) r�

First row transitions metals Ka 13.8 6 0.1 1.25 6 0.10

Kb 12.9 6 0.6 1.21 6 0.65

All samples Ka 14.9 6 0.1 2.32 6 0.17

Kb 14.7 6 0.2 3.08 6 0.21

Fig. 5. Plot of the square root of Ka and Kb X-ray energies versus Z along

with a best fit line for each transition.
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the zeroth order screening constant (original Moseley’s law)
exhibits a negative curvature. In fact, for some elements, r
becomes negative. This is an unrealistic result since it
implies that a screened nucleus has a greater positive charge
than a bare one which not possible if negative electrons are
doing the screening. However, applying the first relativistic
correction keeps the screening constant r, as the name
implies, much more “constant” throughout the larger range
of elements, and eliminates the problem of negative r’s.
Some slight curvature is still present, especially at Gd
(Z¼ 64) and Er (Z¼ 68) where r once again begins to
decrease. This trend is expected to continue for even heavier
elements.

In order to calculate the best fit value for the screening
constant r�, we used the MATLAB fit() function to solve
the nonlinear least squares problem. We once again used the
standard value for R1 and let only r� vary. By varying the
value of r�, the software is able to minimize the residual
sum-of-squares value. The results of the analysis can be seen
in Table III. Zeroth-order screening constants obtained in
this way are highly inaccurate and imprecise because they
take into account elements where the zeroth-order r is close
to zero or even negative as shown in Fig. 6. However, the
first-order r takes on more consistent values, which leads to
a more precise best fit value r�. Performing a two parameter
fit for r� and hcR using Eqs. (15) and (16), we obtain similar
values for the best fit value of r� and much better values for
hcR than with the zero-order expression. Although the num-
ber of Kb measurements is smaller (15 vs 17), a similar sys-
tematic improvement is obtained for both K series.

VI. CONCLUSION

We hope we have demonstrated that a Moseley’s law
experiment is an interesting and leading experiment for inter-
mediate and advanced undergraduate students. Including rel-
ativistic corrections allows students to explore the effects of

relativistic quantum mechanics on the structure of the atom
and its X-ray emissions. The total cost of a similar apparatus,
including the detector, pulse processing electronics, foil sam-
ples, excitation source, and plastic stand, but not including
the host computer, would be about $8,750. Several previous
Moseley’s law experiments used strong radioactive sources,
or specialized and expensive equipment. The cost of the
apparatus described in Ref. 10, including the thin NaI(Tl)
detector ($2,600), MCA and high voltage power supply
($3,100), source and samples ($750), but without a host com-
puter is some $6,450. This apparatus allows observation of
the variation of K X-ray energies between elements using
weak radioactive sources, but not the observation and quanti-
fication of the relativistic effects discussed in this paper.

In this paper, we have included the first-order relativistic
correction terms to Moseley’s law, derived by applying per-
turbation theory to the non-relativistic Schr€odinger equation.
This procedure allows us to obtain a more accurate fit to
experimental Ka and Kb X-ray energies. Furthermore, the
first-order screening constant r becomes much more constant
even for heavy elements, unlike the zeroth order counterpart,
which even becomes negative for two samples. This leads us
to believe that a first-order correction term is an improved
but not complete explanation of the Ka and Kb X-ray ener-
gies for our data set.

The screening constant does once again begin to exhibit
negative curvature towards heavier elements such as Er and
Gd, and this trend is expected to continue with heavier ele-
ments beyond our data set. This behavior leads us to believe
that extra terms are needed to more accurately predict X-ray
energies for those elements. In future work, we plan to use
experimental X-ray transition energies such as those avail-
able from NIST19 to explore higher-order terms as well as
the fully relativistic Dirac expression. We will also explore
additional corrections not included in the relativistic treat-
ment, such as the finite nuclear mass correction to the
Rydberg Constant, and attempt to extend the analysis to the
L X-rays as well.
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