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We describe the difficulties that advanced undergraduate and graduate students have with quantum
measurement within the standard interpretation of quantum mechanics. We explore the possible origins
of these difficulties by analyzing student responses to questions from both surveys and interviews.
Results from this research are applied to develop research-based learning tutorials to improve students’
understanding of quantum measurement.
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I. INTRODUCTION
Quantum mechanics is a particularly challenging subject, even for advanced students [1–4]. These difficulties
have been described in a number of investigations [5–12].
Based on these findings, we are developing a set of
research-based learning tools to reduce students’ difficulties and help them develop a solid grasp of quantum
mechanics [13–15]. This paper (Part I) is the first of two
papers in which we discuss the investigation of students’
difficulties with quantum measurement. This investigation
was conducted with the undergraduate and graduate students at the University of Pittsburgh (Pitt) and other universities by administering written tests and by conducting
in-depth individual interviews with a subset of students.
The development of the research-based learning tools and
the preliminary evaluation of students’ performance after
using the learning tools is described in Part II [16].
The standard formalism of quantum measurement
(which is taught to the undergraduate and graduate students
universally) is quite different from classical mechanics,
where position and momentum of a particle evolve in a
deterministic manner based upon the interactions [1]. In
quantum mechanics, position, momentum, and other observables are in general not well defined for a given state of
a quantum system. The time-dependent Schrödinger equation (TDSE) governs the time evolution of the state which
can be written as a linear superposition of a complete set of
eigenstates of any Hermitian operator corresponding to a
physical observable. The state of the system evolves in a
deterministic manner depending on the Hamiltonian of the
system. According to the Copenhagen interpretation, quantum measurement would instantaneously collapse the wave
function (or the state of the system) to an eigenstate of
the operator corresponding to the physical observable
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measured and the measured value is the corresponding
eigenvalue. For example, in an ideal measurement, if we
measure the position of a quantum particle in a onedimensional (1D) infinite square well, its wave function
will collapse to a position eigenfunction which is a delta
function in the position representation. If we measure its
energy instead, the wave function of the system will collapse into an energy eigenfunction, which is a sinusoidal
function inside the 1D well and goes to zero at the two
boundaries (and is zero everywhere outside the well).
The eigenvalue spectrum of an operator can either be
discrete or continuous or a combination of the two. In an N
dimensional Hilbert space, an operator Q^ corresponding to
a physical observable Q with discrete eigenvalue spectrum
has N eigenvalues qn and corresponding eigenstates jqn i.
The state of the system at a given time, jðtÞi, can be
written as a linear superposition of a complete set of
eigenstates of jqn i. By projecting the wave function of
the system jðtÞi at time t onto an eigenstate jqn i of the
^ we can find the probability jhqn jðtÞij2 of
operator Q,
obtaining qn when the observable Q is measured at time t.
After the measurement of the observable Q, the time
evolution of the state of the system, which is an eigenstate
of Q^ right after the measurement, is again governed by the
TDSE. Right after the measurement of energy, the state of
the system collapses into the same energy eigenstate, and
the probability density does not change with time (we only
focus on time-independent Hamiltonians) since the only
change in the wave function with time is an overall timedependent phase factor. If the system is initially in an
energy eigenstate at time t ¼ 0 and we measure an arbitrary physical observable Q after a time t, the probability of
obtaining an eigenvalue will be time independent since the
system was still in an energy eigenstate at time t at the
instant the measurement of Q was performed. Therefore,
the energy eigenstates are called the stationary states.
On the other hand, a measurement of position would
collapse the system into a position eigenstate at the instant
the measurement is made. However, a position eigenstate is
a linear superposition of the energy eigenstates and the
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different energy eigenstates in the linear superposition will
evolve with different time-dependent phase factors.
Therefore, the probability density after position measurement will change with time. In this case, the probability of
measuring a particular value of energy will be time independent, but the probability of measuring another physical
observable whose operator does not commute with the
Hamiltonian will depend on time.

TABLE I. The choice distribution of 10 students answering the
question about stationary state and eigenstate after traditional
instruction.

II. INVESTIGATION OF
STUDENTS’ DIFFICULTIES
The goal of the investigation was to examine students’
difficulties with quantum measurement after traditional
instruction. The topics included in the investigation, such
as the measurement outcomes, probability of obtaining an
eigenvalue, stationary states, and eigenstates, etc., were all
covered in the traditional instruction of quantum mechanics. The investigation was carried out over several years.
For example, students were given the questions as part of
the concept tests, quizzes, or tests depending upon the
instructor’s preference. Therefore, the number of students
who answered a particular question varies. To simplify the
mathematics and focus on the concepts related to quantum
measurement, we often used the model of a 1D infinite
square well during the investigation. Both open-ended
questions and multiple-choice questions were administered
to probe students’ difficulties. We also had informal discussions with a subset of students who took the written test
and formally interviewed some students to get a better
understanding of students’ reasoning process.
A. Difficulty in distinguishing between eigenstates
of operators corresponding to different observables
The measurement of a physical observable collapses the
wave function of the quantum system into an eigenstate of
the corresponding operator. Many students have difficulties
distinguishing between energy eigenstates and the eigenstates of other physical observables. To investigate the
pervasiveness of this difficulty in distinguishing between
the eigenstates of different physical observables, one of the
multiple-choice questions administered to the students was
the following:
 Choose all of the following statements that are
correct:
(1) The stationary states refer to the eigenstates of any
operator corresponding to a physical observable.
(2) If a system is in an eigenstate of any operator that
corresponds to a physical observable, it stays in that state
unless an external perturbation is applied.
(3) If a system is in an energy eigenstate at time t ¼ 0, it
stays in the energy eigenstate unless an external perturbation is applied.
A. 1 only B. 3 only C. 1 and 3 only D. 2 and 3 only
E. all of the above

Answers

A

Percentage 20%

B (correct)
0%

C

D

E

0% 10% 50%

No answer
20%

The correct answer is B (3 only). In statement (1), the
stationary states should refer to the energy eigenstates only.
A complete set of eigenstates of an arbitrary operator Q^
cannot be stationary states if Q^ does not commute with the
^ However, out of 10 students
Hamiltonian operator H.
randomly selected from a junior-senior level quantum
mechanics class, none of them gave the correct answer
after traditional instruction. The distribution of students’
answers is shown in Table I. The most common incorrect
choice was E (all of the above). Nearly half of the students
thought that all three statements were correct because they
had difficulty in differentiating between the related concepts of stationary states and eigenstates of other observables. Some students selected choice A (1 only), which is
interesting because one may expect that students who
claimed statement (1) was correct and understood why a
stationary state is called so may think that statement (2) is
correct as well. In particular, for students who claimed
statement (1) is correct, statement (2) may be considered
‘‘a system in a stationary state stays in that state unless an
external perturbation is applied,’’ which described the
property of stationary state. However, students who selected choice A did not relate the stationary state with the
special nature of the time evolution in that state.
B. Difficulty with possible outcomes of a measurement
and the expectation value of the measurement result
The following is an example of a multiple-choice question which was administered to investigate students’ understanding of the possible outcomes of a measurement for a
given state of a particle in a 1D infinite square well when
the measurement is performed. c 1 ðxÞ and c 2 ðxÞ are the
ground state and first excited state wave functions.
pﬃﬃc 2 ðxÞ . Which
 An electron is in the state given by c 1 ðxÞþ
2
one of the following outcomes could you obtain if you
measure the energy of the electron?
A. E1 þ E2
B. ðE1 þ E2 Þ=2
C. Either E1 or E2
D. Any of En (n ¼ 1; 2; 3; . . . )
E. Any value between E1 and E2

Because the energy eigenstates j c n i are orthogonal to
each other, jh c n jij2 ¼ 1=2 for both n ¼ 1 and n ¼ 2 and
jh c n jij2 ¼ 0 for all the other energy eigenstates
En (n > 2). Therefore, we can only obtain E1 or E2 with
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equal probability but no other energy. The distribution of
students’ answers is shown in Table II. Six out of 15
students in a junior-senior quantum mechanics class chose
the correct answer C (either E1 or E2 ). The most common
incorrect choice selected by 27% of the 15 students was B
[ðE1 þ E2 Þ=2], which actually represents the expectation
value of energy. Students mistakenly claimed that the
expectation value is the measured value of energy.
Informal discussions with individual students and individual think-aloud interviews [17] indicated that many students were not only confused about the distinction between
individual measurements and expectation values, they also
had difficulty distinguishing between the probability of
measuring a particular value of an observable in a given
state and the measured value or the expectation value. For
example, during individual interviews, students often
^ c n i or even hjHji
^
wrote h c n jHj
as the probability of
measuring En in the state ji. When these students were
explicitly asked to compare their expressions for the probability of measuring a particular value of energy and the
expectation value of energy, some students appeared concerned. They recognized that these two concepts were
different but they still struggled to distinguish these concepts. They could not write an expression for the probability of measuring En either using the Dirac notation or in
the position space representation using the integral form.
Discussions with students and individual interviews
suggest that some of them had difficulty in differentiating
between the probability of measuring each possible value
of an observable and the expectation value of that observable in a given state. Since the expectation value in a given
state equals the average of a large number of measurements
of that observable on identically prepared systems, it is
equal to the sum of the eigenvalues of the corresponding
operator times their probabilities in the given state. Many
students had difficulty with the statistical interpretation of
the expectation value of Q as the average of a large number
of measurements on identically prepared systems in state
ji. For example, a survey question which was administered to 202 graduate students from seven universities
illustrates it as follows [11]:
 The wavefunction of an electron in a 1D infinite
square well of width a at time t ¼ 0 is given by
pﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃ
ðx; t ¼ 0Þ ¼ 2=7 c 1 ðxÞ þ 5=7 c 2 ðxÞ.
Answer
the following questions.
(a) You measure the energy of an electron at time t ¼ 0.
Write down the possible values of the energy and the
probability of measuring each.
TABLE II. The choice distribution of 15 students answering
the question about energy measurement outcome after traditional
instruction.
Answers
Percentage

A

B

C (correct)

D

E

No answer

13%

27%

40%

7%

7%

6%

(b) Calculate the expectation value of the energy in the
state ðx; tÞ.
Sixty-seven percent of the graduate students answered
question (a) correctly and 7% of them were confused
about the distinction between the energy eigenvalues and
the expectation value of energy. However, only 39% of
the students provided the correct response for question
(b) above. Many students who could calculate the probability for measuring each energy in question (b) did not
use the probabilities to find the expectation value. Some
of them tried to find the expectation value by sandwiching the Hamiltonian with the state of the system (i.e.,
^
hjHji),
which is correct and some even wrote down
correct corresponding integrals but then struggled with
the calculation.
C. Difficulty with the probability of measuring energy
When we explicitly asked students to find the probability
pﬃﬃ c 2 i in a 1D infinite
of obtaining energy E2 for the state j c 1 iþj
2
square well, many of them could provide the correct answer 1=2 by observing the coefficients. To evaluate
whether students could calculate the probability of measuring a particular value of energy by projecting the state
vector along the corresponding energy eigenstate for the
case where the wave function is not written explicitly in
terms of a linear superposition of energy eigenstates, the
following question about a triangle shaped wave function
in a 1D infinite square well was administered:
 The state of an electron at t ¼ 0 is given by ðxÞ ¼ Ax
when 0 < x < a2 ,ðxÞ ¼ Aða  xÞ when a2  x < a
and ðxÞ ¼ 0 elsewhere. Here A is the normalization
constant. What is the probability that an energy measurement at time t ¼ 0 yields energy E2 ? (If there is
an integral in your expression for the probability, you
need not evaluate the integral but set it up properly
with appropriate limits. Ignore the fact that the first
derivative of the wavefunction is not continuous.)
pﬃﬃﬃ
Unlike the state ðj c 1 i þ j c 2 iÞ= 2 which is composed of
only two energy eigenstates, the triangle function state ji
[or ðxÞ in the position space] is a superposition
of infinitely
P
many energy eigenstates, i.e., ji ¼ R 1
c
n¼1 n j c n i. The

expansion coefficient equals h c n ji ¼ þ1
1 c n ðxÞðxÞdx
2
and jcn j is the probability of obtaining energy En when
energy is measured for the state ji. Thus, to answer this
question correctly, students need to write ji as a linear
superposition of j c n i and find the component of ji along
j c n i.
Only one student out of 15 provided the correct answer
and some students left this question blank. Other students
had two common mistakes. Twenty percent of the students
^
wrote down the energy expectation value hjHji
to
represent the energy measurement probability. In further
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informal discussions and formal interviews with some
^
students, we asked how the expression hjHji
which
only involved state ji would favor energy E2 over any
other energy. Some of the students then changed their
^
which was still incorrect. Another
answers to h c 2 jHji
27% of the students claimed that the ‘‘probability’’ of
measuring any physical observable was represented by
jðxÞj2 according to the interpretation of wave function.
These students were confusing the probability density for
measuring position with the probability of measuring other
physical observables such as energy.
A similar multiple-choice question about a parabola
shaped wave function was administered to 76 students in
six universities as shown below:

all the 76 students provided the correct answer. Twentyone percent of the students incorrectly claimed that other
energies En besides E1 and E2 could also be obtained but
the probability of measuring E1 would be largest. Another
12% of the students thought that all the possible energies
En can be measured with the same probability.

 Consider the following wavefunction for a 1D infinite
square well: ðxÞ ¼ Axða  xÞ for 0  x  a and
ðxÞ ¼ 0 otherwise. A is a normalization constant.
Which one of the following expressions correctly
represents the probability of measuring the energy
En for the state ðxÞ?
R
2
^
A. j Ra0 c n ðxÞHðxÞdxj
a

2
B. j 0 c n ðxÞðxÞdxj
2
^
C. j c n ðxÞHðxÞj

2
D. j c n ðxÞðxÞj
E. jðxÞj2
Among the 76 students, 61 were junior or senior undergraduate students and the others were first year graduate
students in the physics department. The distributions of the
undergraduate and graduate students’ answers are listed in
Table III. About one-third of both the graduate and undergraduate students chose the correct answer B. The undergraduate students tended to include the Hamiltonian
operator in calculating the probability of measuring a
particular energy eigenvalue. For example, 49% of the
undergraduate students incorrectly selected the distractor
option A which is an equivalent expression for
2 . However, the first year graduate students
^
jh c n jHjij
were more likely to neglect the integral part in calculating
the measurement probability. Five out of 15 graduate students mistakenly chose the option D, j c n ðxÞðxÞj2 , but
only 2% of the undergraduate students made such mistake.
Another multiple-choice question given to the same 76
students asked about the energy measurement outcomes
pﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃ
for the state 4=7j c 1 i þ 3=7j c 2 i. Fifty-five percent of
TABLE III. The choice distributions of 61 undergraduate students and 15 graduate students answering the question about
energy measurement probability.
Answers

A

Undergraduate 49%
Graduate
27%

B (correct)
31%
27%

C

D

E

10% 2% 5%
0% 33% 13%

No answer
3%
0%

D. Difficulties with the time development of the wave
function after the measurement of an observable
Within the Copenhagen interpretation of quantum
mechanics, the measurement of an observable is treated
separately from the ‘‘normal’’ time evolution of the system
according to TDSE. When a measurement is performed,
the state of the system instantaneously collapses to an
eigenstate of the operator corresponding to the observable
measured after which the system will evolve normally
according to the TDSE. We investigated students’ understanding of the time development of the wave function
according to the TDSE after the measurement of an observable by asking 15 students the following question
about consecutive position measurement for a 1D infinite
square well:
 If you make a measurement of position on an electron
in the ground state of a 1D infinite square well and
wait for a long time before making a second measurement of position, do you expect the outcome to be
the same in the two measurements? Explain.
To correctly answer this question, students must know
the following: (1) the ground state wave function will
collapse into a position eigenfunction (a delta function in
position) after the first position measurement; (2) the position eigenfunction is not a stationary state wave function
so the wave function will evolve in time in a nontrivial
manner and it will not in general be found in a position
eigenstate after a time t. Therefore, after a long time, the
second measurement of position in general will yield a
different value from the first measurement. We note
however that in an infinite square well, the time evolution
of the system is such that the wave function repeats itself
with a certain periodicity.
Difficulty D.1: System remains in the energy
eigenstate after a position measurement.
In response to this question, some students thought that
the system will be in the ground state after both the first and
the second position measurements. Informal discussions
with some students and formal interviews with a handful of
students suggest that those with these types of responses
often did not realize the difference between an energy
eigenstate and a position eigenstate. They claimed that if
the system is in the ground state, it will remain in that state.
Students who were explicitly asked what would happen if
the initial state before the measurement was the first excited state (which is also an energy eigenstate) typically
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responded that it will remain in that state since even that
state is an ‘‘eigenstate.’’ In the written survey, only one out
of 15 students explicitly mentioned the wave function
collapse after the first position measurement. However,
his response was ‘‘the wavefunction collapses into
the measured state’’ and he did not elaborate that the
‘‘measured state’’ is actually a position eigenstate.
Difficulty D.2: System stays in the position eigenstate
at any time after a position measurement.
Some students claimed that after the first position measurement the system gets ‘‘stuck’’ in a position eigenstate
and did not know that the position eigenfunction (unlike
the energy eigenfunctions for a time-independent
Hamiltonian) evolves in time in a nontrivial manner and
the system does not remain a position eigenfunction for all
future time t. These students claimed that the second
position measurement will yield the same value as the first
one unless there was an ‘‘outside disturbance.’’ Only two
out of 15 students mentioned the correct time evolution
of the quantum mechanical system after the position
measurement.
Difficulty D.3: System finally goes back to the initial
state.
Students were also asked another series of questions
about measurement when the initial state of the system at
pﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃ
time t ¼ 0 is ðx; 0Þ ¼ 2=7 c 1 ðxÞ þ 5=7 c 2 ðxÞ for an
electron confined in a 1D infinite square well as follows:
 Q1. If the energy measurement yields 42 @2 =ð2ma2 Þ,
what is the wavefunction right after the
measurement?
 Q2. Immediately after the energy measurement in Q1,
you measure the position of the electron. What
possible values could you obtain and what is the
probability of each?
 Q3. After the position measurement in Q2, you wait
for time t > 0 and measure the position again. Would
the probability of measuring each possible value be
different from Q2?
Q1, which asks about the state of the system long after
the energy measurement (instead of immediately after the
measurement as in the open-end question), has been given
as a multiple-choice question to 76 students from 6 universities. An analysis of the student responses suggests that
20% of the students did not know that the wave function
would collapse at the instant the energy was measured.
Also, 36% of the students thought the wave function will
collapse upon energy measurement but finally evolved
pﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃ
back to the initial state 2=7 c 1 ðxÞ þ 5=7 c 2 ðxÞ long
time after the measurement. During the individual interview, a student said, ‘‘it’s like tossing a coin. You can get
either head or tail after the measurement. But when you
make another measurement, it goes back to a coin (with

two sides).’’ Such a statement also indicates that the
student made an inappropriate transfer of a classical
probability concept to quantum probability.
Difficulty D.4: Probability density for position
measurement.
Born’s probabilistic interpretation of the wave function
can also be confusing for students. In Q2 above, the wave
function of the system before the position measurement is
pﬃﬃﬃﬃﬃﬃﬃﬃ
the energy eigenstate c 2 ðxÞ ¼ 2=a sinð2x=aÞ. We expected students to note that one can measure position
values between x ¼ 0 and x ¼ a (except x ¼ 0, a=2, and
a where the wave function is zero), and according to Born’s
interpretation,j c 2 j2 dx gives the probability of finding the
particle in a narrow range between x and x þ dx. However,
only 38% of students provided the correct response. Partial
responses were considered correct for tallying purposes if
students wrote anything that was correct related to the
above wave function, e.g., ‘‘The probability of finding
the electron is highest at a=4 and 3a=4.’’ ‘‘The probability
of finding the electron is non-zero only in the well,’’
etc. [18].
Eleven percent of the students tried to find the expectation value of position instead of the probability of finding
the electron at a given position. They wrote the expectation
value of position in terms of an integral involving the wave
function.
R Many of them explicitly wrote that probability ¼
ð2=aÞ a0 xsin2 ð2x=aÞdx and claimed that instead of the
expectation value they were calculating the probability of
measuring the position of the electron.
During the interview [18], one student said (and wrote
on
that the probability of position measurement is
R paper)
xj c j2 dx ( c ¼ c 2 in Q2 above). When the interviewer
asked why j c j2 should be multiplied with x and if there is
any significance of j c j2 dx alone without multiplying it by
x, the student said, ‘‘j c j2 gives the probability of the
wavefunction being at a given position and if you multiply
it by x you get the probability of measuring (student’s
emphasis) the position x.’’ When the student was asked
questions about the meaning of the ‘‘wavefunction being at
a given position,’’ and the purpose of the integral and its
limits, the student was unsure. He said that the reason he
wrote the integral is because xj c j2 dx without an integral
looked strange to him. Similar confusion about probability
in classical physics situations have been found [19].
Difficulty D.5: Use of classical language to describe
time evolution of quantum systems.
Out of the ten students who were given Q3 above, none
of them could answer it correctly though it assesses the
same concepts as in the consecutive position measurement
question discussed earlier. In the consecutive position
measurement question, some students used a classical
description to answer the question about the time evolution
after the measurement such as ‘‘the electron moves
around.’’ Discussions with individual students and
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interviews suggest that such classical responses reflect
students’ discomfort describing the time evolution of a
quantum system in terms of the time-development of
wave function.

We further explored this issue by asking 17 and 15
graduate students at the end of their first semester and
second semester graduate level quantum mechanics course
the following question. Fifteen graduate students were the
same in both semesters.

E. Incorrectly believing that an operator
acting on a state corresponds to a measurement of the
corresponding observable

 Consider the following conversation between Andy
and Caroline about the measurement of an observable Q for a system in a state j c i which is not an
^
eigenstate of Q:
Andy: When an operator Q^ corresponding to a physical
observable Q acts on the state j c i, it corresponds to a
^ c i ¼ qj c i
measurement of that observable. Therefore, Qj
where q is the observed value.
Caroline: No. The measurement collapses the state so
^
Qj c i ¼ qj c q i where j c q i on the right hand side of the
equation is an eigenstate of Q^ with eigenvalue q.
With whom do you agree?
A. Agree with Caroline only
B. Agree with Andy only
C. Agree with neither
D. Agree with both
E. The answer depends on the observable Q.

One of the questions on a survey given to more than 200
graduate students asked them to consider the following
statement [11]: ‘‘By definition, the Hamiltonian acting on
any allowed (possible) state of the system j c i will give the
^ c i ¼ Ej c i, where E is the energy
same state back, i.e. Hj
of the system.’’ Students were asked to explain why they
agree or disagree with this statement. We expected students
to disagree with the statement and note that it P
is only true if
j c i is a stationary state. In general,j c i ¼ 1
n¼1 Cn j c n i
where j c n i are the stationary states and Cn ¼ h c n j c i.
^ c i ¼ P1
Then, Hj
n¼1 Cn En j c n i  Ej c i.
Eleven percent of the students answering this question
incorrectly claimed that any statement involving a
Hamiltonian operator acting on a state is a statement about
the measurement of energy. Some of these students who
^ c i ¼ Ej c i is a statement about
incorrectly claimed that Hj
energy measurement agreed with the statement while
others disagreed. Those who disagreed often claimed that
^ c i ¼ En j c n i because as soon as H^ acts on j c i, the
Hj
wave function will collapse into one of the stationary states
j c n i and the corresponding energy En will be measured.
The following are two typical responses in this category:
 Disagree. Hamiltonian acting on a state (measurement of energy) will return an energy eigenstate.
 When j c i is a superposition state and H^ acts on j c i,
^ ci ¼
j c i evolutes to one of the j c n i so we have Hj
En j c n i.
Formal interviews, informal discussions and written
reasonings suggest that these students often believed that
the measurement of any physical observable in a particular
state is achieved by acting with the corresponding operator
on the state. The incorrect notions expressed above are
often overgeneralizations of the fact that after the measurement of energy, the system is in a stationary state so
^ c n i ¼ En j c n i and students felt that there should be an
Hj
equation describing the collapse of the wave function.
Individual interviews related to this question suggest
that some students believed that whenever an operator Q^
corresponding to a physical observable Q acts on any state
j c i, it will either yield a corresponding eigenvalue  and
^ c i ¼ j c i or yield Qj
^ ci ¼
the same state back, i.e., Qj
n jn i where jn i is the nth eigenstate of Q^ in which the
system collapses and n is the corresponding eigenvalue
^ n i ¼ n jn i).
(but actually, Qj

We note that the question was not posed as a multiplechoice question at the end of the first semester course but
students were asked to explain whom if any they agreed
with and why. There was a brief discussion of the correct
response to the question after administering the survey in
which this question was asked. At the end of the first
semester course, 12% of the students agreed with Andy,
47% with Caroline, 29% with neither (correct response),
and 12% provided no response. In the second semester, the
concepts about measurement were not explicitly emphasized in the course of Quantum Mechanics II. At the end of
the second semester course, the same question in the
multiple-choice form was administered. This time, 20%
of the students chose the distractor A, which is lower than
the 47% in the first semester. However, about the same
percentage of students in both semesters thought that the
operator corresponding to an observable acting on any
^ c i ¼ qj c i.
quantum state gives the eigenvalue, i.e., Qj
The comparison of students’ answer distribution is listed
in Table IV. Thirteen percent of the students agreed with
Andy, 20% with Caroline, 7% with both, and 53% with
neither (correct response). While the percentage of correct

TABLE IV. The answer distributions of 17 graduate students in
the first semester and 15 graduate students in the second semester
answering the same question about energy measurement.
Answers

A

B

First semester
47% 12%
Second semester 20% 13%
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29%
53%

E

0% 0%
7% 0%

No answer
12%
7%
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response increased significantly from the first to the second
administration, many students still had difficulty with this
concept. Earlier, the version of this question not in the
multiple-choice format was posed to 37 graduate students
at the beginning of their graduate level quantum mechanics
course (not the same students as those who answered it at
the end of the first and second semester of their graduate
level quantum mechanics course). In that group, 24% of
the students agreed with Andy, 54% with Caroline, and
22% with neither (correct response). Indeed this difficulty
is quite common even amongst graduate students, and
graduate level instruction does not help students develop
a better understanding of these concepts.
III. SUMMARY AND CONCLUSION
We find that students share common difficulties with
concepts related to quantum measurement. In particular,
many students were unclear about the difference between
energy eigenstates and eigenstates of other physical observables and what happens to the state of the system after
the measurement of an observable. Students also had
difficulty in distinguishing between the measured value,
the probability of measuring it, and the expectation value.
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